
Chapter 17
Ion Traps

17.1 Introduction

Ion trap technology currently leads the way in the effort to gain complete control of
quantum coherence in isolated systems. The seminal paper of Cirac and Zoller thrust
the technology to the forefront of the quantum processing agenda in a seminal paper
in 1995 [1]. Beginning over 30 years ago, experimentalists began trapping clouds of
atomic ions in order to achieve higher spectroscopic resolution [2]. The heritage of
this effort is the current ability to define time standards using ion trap clocks. Future
developments will depend on the ability to make smaller trap arrays for quantum
computing applications.

Ion trap technology also enables quantum limited measurements of the electronic
and vibrational states of a single trapped ion using the method of cycling fluorescent
transitions. This ability led to a complete reappraisal of how quantum mechanics of
single systems, subject to continuous observation, should be interpreted [3] enabling
an explicit physical demonstration of the concept of a quantum trajectory discussed
in Chap. 6. It is possible to trap and cool a single ion close to its vibrational ground
state [4], carefully prepare complex superpositions ofenergy eigenstates through opti-
cal excitation and then monitor thesubsequent dynamicswith extaordinary sensitivity.

17.2 Trapping and Cooling

Laplace’s equation indicates that it is not possible to trap a charged particle in three
dimensions with a static potential: there is always one unstable (untrapped) direction
in an electrostatic potential. We must resort to time periodic potentials. In Fig. 17.1
we show a possible configuration of electrodes.

The time dependent potential can be written

V (x,y,z,t) =
V̄
2

(kxx2 + kyy2 + kzz
2)+

1
2

V cos(ωr f t)(k′xx2 + k′yy2) (17.1)
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Fig. 17.1 A schematic representation of a linear radio frequency ion trap (after [5])

where ωr f is the frequency of the time dependent potential. Laplace’s equation im-
plies, kx + ky + kz = 0, k′x + k′y = 0. If we assume [5]

ax =
4Z|e|V̄ kx

mω2
r f

<< 1

qx =
2Z|e|Vk′x

mω2
r f

<< 1

then the motion in the x-direction is approximately harmonic, as is motion in the
y-direction. Given isotropy in the x−y plane, so that kx = ky, k′x = k′y and the motion
is harmonic with the secular frequency

ν =
(
ax + q2

x/2
)1/2 ωr f /2 (17.2)

A small amplitude oscillatory motion at frequency ωr f is superimposed on the secu-
lar motion, called the micromotion, which we neglect. In an experiment with 9Be+,
the axial frequency was about 3 MHz while the transverse frequency was about
8 MHz. The static potential due to end caps gives harmonic confinement along the
trap axis (z-direction). If this is kept weak, multiple ions can be trapped in a line
along the z-direction. Typically the transverse frequencies are three to four times
more than the axial.

The centre-of-mass quantum dynamics of the ion is determined by the eigenstates
of the Hamiltonian

H = h̄νa†
z az + h̄νt(a†

xax + a†
yay) (17.3)
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The motion is thus separable into axial and transverse motion and, to be specific, we
now concentrate on the axial motion alone. As we neglect the transverse motion, we
will drop the subscript on az,a†

z .
The availability of lasers at appropriate atomic transition frequencies determine

which ions can be successfully trapped and cooled. The Wineland group at NIST
Colorado uses 9Be+ while the Blatt group in Innsbruck uses 40Ca+. After trapping
it is necessary to remove vibrational energy from the ion, that is to say, it must be
cooled. The initial temperature is of the order of 104 K. The first stage of cooling is
based on Doppler cooling and is very efficient, the second stage is based on resolved
sideband cooling (see below).

The extraordinary degree of control over quantum coherence that can be achieved
in an ion trap is due to a number of reasons. Firstly, it is possible to coherently couple
the vibrational motion and the internal electronic state using an external laser. Sec-
ondly, resolved sideband cooling enables the vibrational motion to be prepared in its
ground state with probability approaching unity. External lasers induce Raman tran-
sitions between the ground and excited internal electronic state in which one phonon
of vibrational energy is absorbed per excitation cycle. Finally, the internal electronic
state of a single trapped ion can be determined with efficiency approaching unity by
the method of fluorescence shelving enables.

We will assume that external lasers drive a two level transition from the ground
state |g〉 to the excited state |e〉. This could be a direct dipole transition, but for
quantum computing it typically involves a Raman two-photon transition connect-
ing the ground state to an excited meta-stable state. In either case the Hamiltonian
describing the system is (see 10.1),

H = h̄νa†a + h̄ωAσz +
h̄Ω
2

(
σ−ei(ωLt−kLq̂) + σ+e−i(ωLt−kLq̂)

)
(17.4)

where q̂ is the operator for the displacement of the ion from its equilibrium position
in the trap, ν is the trap (secular) frequency, Ω is the Rabi frequency for the two
level transition, ωA is the atomic transition frequency, and ωL, kL are the laser fre-
quency and wave number. The sigma matrices are defined in Sect. 10.1. There are
three frequencies in the problem: ν, ωA and ωL. By carefully choosing relationships
between these three frequencies various quantum interactions between electron and
vibrational degrees of freedom can be driven. The key point is that the phase of
the laser field as seen by the ion depends on the position of the ion. As the ion vi-
brates this phase is modulated at the trap frequency, which leads to sidebands in the
absorption spectrum for the two level system.

The ion position operator may be written,

q̂ =
(

h̄
2mν

)1/2

(a + a†) (17.5)

We now define the Lamb-Dicke parameter, η

η = kL

(
h̄

2mν

)1/2

= 2πΔxrms/λL (17.6)
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where the r.m.s position fluctuations in the oscillator ground state is Δxrms. Then
moving to an interaction picture via the unitary transformation

U0(t) = exp[−iνa†at− iωAσzt] (17.7)

the interaction Hamiltonian can be written as

HI(t) =
h̄Ω
2

(
σ− exp[−iη(ae−iνt + a†eiνt)]exp[−i(ωA−ωL)t]+ h.c

)
(17.8)

The exponential of exponentials make this a complicated Hamiltonian system. How-
ever in most ion trap experiments the ion is confined to a spatial region that is signif-
icantly smaller than the wavelength of the exciting laser so that we may assume that
the Lamb-Dicke parameter is small η < 1 (typically η ≈ 0.01−0.1). Expanding the
interaction to second order in the Lamb-Dicke parameter gives

HI(t) =
h̄Ω
2

[1−η2a†a]
(

σ−e−iδt + σ+eiδt
)

−i
h̄Ωη

2

(
ae−iνt + a†eiνt)e−iδtσ−+ i

h̄Ωη
2

(
ae−iνt + a†eiνt)eiδtσ+

− h̄Ωη2

4

(
a2e−2iνt +(a†)2e2iνt)(e−iδtσ−+ eiδtσ+

)

where the detuning of the laser from the atomic frequency is δ = ω−ωL.
Tuning the frequencies so that δ is a positive or negative integer multiple of the

trap frequency leads to resonant terms, and all time dependent terms are neglected.
For carrier excitation, δ = 0, the resonant terms are

Hc = h̄Ω(1−η2a†a)σx carrier excitation (17.9)

where σx = (σ−+σ+)/2. If we take δ = ν so that the laser frequency is detuned be-
low (to the red of) the carrier frequency by one unit of trap frequency, ωL = ωA−ν ,
the resonant terms are

Hr = i
h̄ηΩ

2

(
aσ+−a†σ−

)
first red sideband excitation (17.10)

This is the Jaynes-Cummings Hamiltonian except that it involves the absorption of
a trap phonon as well as one laser photon. If we instead choose δ = −ν so that
ωL = ωA +ν , the laser is detuned one unit of vibrational frequency above the carrier
(a blue detuning), the resonant interaction Hamiltonian is

Hb = i
h̄ηΩ

2

(
a†σ+−aσ−

)
first blue sideband excitation (17.11)

This corresponds to an excitation process in which one photon is absorbed from
the laser and one trap phonon is emited . We can continue to define the second red
sideband excitation δ = 2ν and second blue sideband excitation δ = −2ν , and so
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Fig. 17.2 Energy level diagram for (a) carrier (b) first red sideband and (c) first blue sideband
excitation

on. In fig. 17.2 we give an energy level diagram that represents the carrier, red and
blue sideband excitations.

An ion that is excited to |e〉 can spontaneously decay to the ground state, enabling
another excitation. If we are tuned to the first red side band these cycles of excitation
and emission remove one phonon per excitation cycle, thus cooling the vibrational
degree of freedom. The external laser has coupled the vibrational motion to a very
low temperature heat bath: the vacuum radiation field at frequency ωA. For obvious
reasons this is know as side band cooling. Needless to say this is only possible if
we can spectroscopically resolve the red sideband. The width of each resonance is
due to the spontaneous emission rate, γ, so we require that ν > γ. The spectrum of
resonance fluorescence for a single trapped ion follows from the methods given in
Chap. 11. A detailed calculation in the low intenisity limit (Ω < γ) for a traveling
wave field, by Cirac et al. [6] shows that the spectrum of the motional sidebands
exhibits the following features:

• The first red side band is centred on ωL = ωA−ν and the first blue sideband is
centred on ωL = ωA + ν with linewidths determined by

γs = η2
(

Ω
2

)2

[P(ν + δ)−P(ν− δ)] (17.12)

where P(δ) = γ/(γ2 + δ2) and δ = ωL−ωA and γ is the spontaneous emission
rate.

• The ratio of the peak height of the red sideband to the blue side band is (n̄+1)/n̄
where n̄ is the steady state mean photon number of vibrational excitation.

Note that the heights of the peaks are different reflecting the fact that the red tran-
sition involves the absorption of a phonon while the blue involves the emission of a
phonon.

In the Lamb-Dicke limit relaxation is dominated by spontaneous emission into
the spectral peak at the carrier frequency (ω = ωA) so that one unit of vibrational
energy is removed on average per excitation cycle. We can understand this via a
simple rate equation approach. In Exercise 17.1, we find that the rate of change of
the average phonon number is given by

dn̄
dt

=−γ
(

η2Ω2n̄
2η2Ω2n̄+ γ2

)
(17.13)
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To be more realistic we also need to consider heating mechanisms, for example
off-resonant excitation of the blue sideband [5], and the probability of populating
the vibrational ground state in the steady state is less than unity. Despite the effects
of heating, resolved sideband cooling care prepare an ion in the vibrational ground
state with a probability greater than 99%, and was first achieved by the NIST group
in Boulder [7]. Another source of heating that is difficult to control is due to fluc-
tuating charge distributions on the trap electrodes. As these potentials change ran-
domly in time, they produce a stochastic displacement of the centre of the trap. In
Exercise 17.2 we consider this example in more detail.

We now turn to the problem of reading out the state of the ion. This is done by the
technique of a cycling fluorescent transition which requires an additional auxiliary
level, coupled by a strong probe laser to one or the other of the ground or excited
states. We will consider the readout of the ground state (see Fig. 17.3). If the ion is in
the ground state when the probe laser is turned on, fluorescent photons are scattered
in all directions and can easily be detected. On the other hand if the ion is in the
excited state, it is not resonant with the probe laser and no photons are scattered: the
ion remains dark.

The interesting phenomenon of fluorescent shelving will now arise if a second
weak laser induces incoherent transitions on |g〉↔ |e〉. These transitions are incoher-
ent as the strong coupling to the |a〉 state destroys coherence between the ground and
excited states, see [8]. The fluorescent signal due to the strong probe laser switches
on and off in the fashion of a random telegraph process. A typical signal is shown
in 17.3. In so far as fluorescence indicates that the ion is in the ground state, the ran-
dom switching of the fluorescence is a direct indicator of quantum jumps between
the ground and excited states [3].

The quality of the readout can be reduced to a single number, called the effi-
ciency, which is the conditional probability for a fluorescent photon to be detected
given the ion is in the ground state. This is a function of the integration time of
the fluorescent signal and the overall detection efficiency of the detection system.
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Fig. 17.3 Energy level diagram showing fluorescence readout of the ground atomic state. A strong
probe laser drives a dipole allowed transition between the ground state |g〉 and an auxilary state
|a〉 which decays back to the ground state at a rate Γ scattering many many photons. Also show is
fluorescent signal on the probe transition when a weak laser couples the ground and excited state
(reproduced, with permission, from Leibfried et al. [5]
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The integration time should be at least of the order of the average time between
photon emission events. In practice other sources of error must be considered,such
as dark counts in the detector. Typically the minimum time to distinguish ground
and excited states is of the order of 2 ms.

How efficient is the process of sideband cooling? We can only answer this if we
have an independent way to determine the vibrational state of the ion at the end of a
cooling phase. This may be done by coupling the vibrational motion to the internal
state of the ion and then using the fluorescent readout technique described above.
Suppose the electronic state of the ion can be coupled to its vibrational motion for a
time T using either the first red and blue sideband transitions. If we write the proba-
bility for the atom to found in the excited state after time T as PR

e (T ) and PB
e (T ) for

red and blue sideband excitation respectively it can be shown (see Exercise 17.3)
that the mean phonon number n̄ is given by n̄/(1 + n̄) = PR

e (T )/PB
e (T ). Thus mea-

surement of the ratio of excitation probability on the first red and blue sideband
yields n̄ directly.

17.3 Novel Quantum States

The ability to carefully control the coupling between internal electronic state of the
ion and its vibrational motion in the trap enables us to carefully engineer novel
quantum states of the vibrational degree of freedom. As an example we will here
consider the preparation of a “cat state”: a pure quantum state in which the two in-
ternal electronic states are correlated with different coherent states of the oscillator.

There are a number of ways to prepare the vibrational motion in a coherent state,
|α〉. The ion is first cooled to the vibrational ground state. A classical uniform driving
force oscillating at the secular frequency, ν , can then be applied by changing the bias
conditions on the trap electrode. Alternatively a non adiabatic displacement of the trap
centre can be made again by changing the bias conditions. Finally a spatially vary-
ing Stark shift can be applied by using the moving standing wave that results from
two laser beams with frequency difference Δω = ν to resonantly drive the motion
of the ion in the trap. If the laser polarisation is carefully chosen this will result in a
force that depends on the internal electronic state. From the point of view of the elec-
tronic and vibrational states, this is a two photon Raman process depicted in Fig. 17.4
that Stark shifts the excited state |e〉. We will refer to this choice of Raman pulses
as the Raman displacement pulse. If we detune the Raman lasers by a frequency
Δω = ωA we can drive a carrier transition that coherently superposes the ground
and excited states. We will refer to this choice of Raman pulses as the carrier pulse.

The state-dependent displacement is described by the interaction picture Hamil-
tonian

Hd = h̄χ(t)(a + a†)|e〉〈e|+ h̄Ω(t)σx (17.14)

the coupling constants χ and Ω are shown as time dependent as they can be turned
on and off with the external Raman displacement pulse (χ) or the external carrier
pulse (Ω).
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Fig. 17.4 A schematic indication of the optical transitions required to prepare a single ion in a
linear superposition of displaced ground states (coherent states). On the left is the Raman pulse
excitation scheme for applying a force to the ion conditional on it being prepared in the excited
electronic state. On the right is the carrier pulse excitation scheme for producing coherent exci-
tations of the internal electronic state leaving the vibrational motion unaffected. The vibrational
frequency is ν while the atomic transition frequency is ωa

Assume that initially the electronic system and vibrational motional are in the
ground state, |ψ(0)〉= |0〉⊗|g〉. In the first step, we apply a carrier pulse (so χ = 0)
for a time, T , such that ωT = π/2. This gives the state transformation

|0〉⊗ |g〉 π/2
=⇒ |0〉⊗ 1√

2
(|g〉+ |e〉) (17.15)

In the second step we turn off the carrier pulse and turn on the displacement
Raman pulse for a time τ . Only the |e〉 component sees the displacement, according
to (17.14) so the state is transformed as

1√
2
(|0〉⊗ |g〉+ |0〉⊗ |e〉) displace

=⇒ 1√
2
(|0〉⊗ |g〉+ |α〉⊗ |e〉) (17.16)

In the third step we apply a π = ΩT carrier pulse that flips the electronic states and
inserts a π phase shift
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1√
2
(|0〉⊗ |g〉+ |α〉⊗ |e〉) π=⇒ 1√

2
(|α〉⊗ |g〉− |0〉⊗ |e〉) (17.17)

In the fourth step we apply another state selective displacement with a relative
phase φ ,

1√
2
(|α〉⊗ |g〉− |0〉⊗ |e〉) displace

=⇒ 1√
2
(|α〉⊗ |g〉− |αeiφ〉⊗ |e〉) (17.18)

In the fifth and final step, we apply another π/2 pulse to give

1√
2
(|α〉⊗ |g〉− |αeiφ〉⊗ |e〉) π/2

=⇒
( |α〉− |αeiφ 〉

2

)
⊗|g〉+

(|α〉+ |αeiφ 〉
2

)
⊗|e〉

≡ |α−〉⊗ |g〉+ |α+〉⊗ |e〉 (17.19)

If we now readout the state of the ion, the conditional states are highly non classical
superpositions of two different coherent states of vibrational motion,|α±〉 known in
quantum optics as cat states.

Fig. 17.5 The probability to
find the ion in the ground state
as a function of the phase of
displacements for different
choices of the magnitude of
displacement. From Fig. 4 of
Monroe et al., Science, 272,
1135 (1996)
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We thus have correlated different motional states with each of the electronic
states. This kind of entangled state is reminiscent of Schrödinger’s famous thought
experiment in which two different metabolic (and thus macroscopic) states of a cat
are correlated with a two level system in just this way. Indeed if we stopped af-
ter the second step the cat state analogy could be sustained with the identification
|α〉 → |alive〉 and |0〉 → |dead〉. However pursuing the analogy to the final state at
the end of step 5 produces the rather disturbing prospect (for the cat at least) of
correlating different superposition of metabolic states with the internal electronic
states. It is for this reason that superpositions of coherent states are called cat states
in quantum optics.

In the experiment of Monroe at al. [9], the presence of an entangled state of
different coherent states was demonstrated by measuring the electronic state at the
end of step 5. Repeated measurements enabled a sampling of the distribution Pg(φ),
for different values of φ . This is given by

Pg(φ) = 〈α−|α−〉
=

1
2

[
1− e−|α |

2(1−cosφ) cos
(|α|2 sinφ

)]
(17.20)

In Fig. 17.5 we reproduce the results from Monroe et al. [9] comparing the experi-
ment with the theoretical prediction in Eq. 17.20. The agreement is remarkable.

17.4 Trapping Multiple Ions

In a linear ion trap such as depicted in Fig. 17.1, multiple ions may be trapped and
cooled to the collective ground states of vibrational motion. Each ion has an equilib-
rium position, x̄i, corresponding to a minimum in the total potential comprising the
trap plus Coulomb potential for each ion. These equilibrium points are analogous to
the atomic ions at the lattice points of a crystal, however unlike a crystal they are not
equally spaced. In terms of a natural length scale given by the Coulomb potential
for each ion,

l =
(

Z2e2

4πε0Mν2

)1/3

, (17.21)

and a coordinate system in which z = 0 is in the middle of the trapped ions,
James [10] has computed the equilibrium positions for different numbers of ions
in a trap, see Fig. 17.6

If we expand the overall potential to second order in the small oscillations, qn(t)
(in dimensionless units), around the equilibrium points we obtain a simple coupled
oscillator Hamiltonian of the form,

H =
1

2M

N

∑
n=1

p2
m +

Mν2

2

N

∑
n,m=1

Anmqnqm (17.22)
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Fig. 17.6 The equilibrium positions for varying numbers of ions in the trap in units of the length
scale given in 17.21. From Fig. 1 James et al. Appl. Phys. B, 66, 181, (1998)

where pn is the canonical momentum to qn. Explicit expressions for the coefficients
Anm are given in [10]. This Hamiltonian represents a linear array of N simple har-
monic oscillators with quadratic coupling. We can now make a change of variable to
normal-mode coordinates (sometimes called collective or global coordinates). The
transformation is chosen to diagonalise the real symmetric N×N matrix with entries
Anm. The eigenvalue equation is

N

∑
n=1

Anmβ (p)
n = μpβ (p)

m (p = 1, . . . ,N) (17.23)

where the eigenvalues are μp > 0 and the eigenvectors �β (p) are assumed to be num-
bered in order of increasing eigenvalue and are normalised so that

N

∑
p=1

β (p)
n β (p)

m = δnm

N

∑
n=1

β (p)
n β (q)

n = δpq

For example, when N = 3 the eigenvalues are μ1 = 1,μ2 = 3,μ3 = 29/5. The normal
modes are then given in terms of the small oscillations as

Qp(t) =
N

∑
m=1

β (p)
m qm(t) (17.24)

Note the number of normal modes is equal to the number of ions. Of course we can
equally well write the local coordinates qn as

qm(t) =
N

∑
p=1

β (p)
m Qp(t) (17.25)

The first normal mode, Q1 represents the centre of mass mode in which all the
ions oscillate as if they were train wagons linked together. The second mode Q2 rep-
resents a breathing mode in which each ion oscillates with an amplitude proportional
to is displacement form the trap centre. In terms of the normal mode coordinates,
Qp and conjugate momenta Pp, the Hamiltonian is
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H =
1

2M

N

∑
p=1

P2
p +

M
2

N

∑
p=1

ν2
pQ2

p (17.26)

where the frequencies of each of the normal modes is given by

νp = ν√μp (17.27)

This is the Hamiltonian of N independent simple harmonic oscillators. Thus we
introduce raising and lowering operators for each normal mode as

Qp =

√
h̄

2Mνp
(bp + b†

p) (17.28)

Pp = −i

√
h̄Mνp

2
(bp−b†

p) (17.29)

with [bp,b†
q] = δpq.

Let us now assume that each ion in the trap can be addressed with a separate laser
beam. For example in a linear ion trap for 40Ca+ built in Innsbruck, the average
spacing for 4 ions was greater than 5μm, which is above the diffraction limit for the
laser beams. This spacing is also sufficient for the fluorescence (at readout) of each
ion to be separately imaged.

The interaction picture Hamiltonian describing how the ith ion is coupled to small
oscillations around equilibrium is given by an obvious generalisation of Eq. 17.4

H(i)
I = h̄

Ωi

2

(
σ (i)
− e−ikL(qi(t)e−i(ωA−ωL)t + h.c

)
(17.30)

where we have taken the Rabi frequency for the ith ion to be Ωi and σ (i)
± are the

Pauli raising and lowering operators for the ith ion, while qi(t) are local coordinates
of the ith ion. If we now again assume that the Lamb–Dicke parameter for each ion
is small, the interaction between the electronic and vibrational degree of freedom is

H(i)
I =−ih̄

kLΩi

2

(
σ (i)
− qi(t)e−i(ωA−ωL)t −h.c

)
(17.31)

This may be written in terms of the global modes as

H(I)
I =−ih̄

ηΩi

2
√

N

N

∑
p=1

s(p)
i

(
bpe−iνpt + b†

peiνpt
)

e−i(ωA−ωL)tσ (i)
− −h.c (17.32)

where s(i)
p =
√

Nμ−1/4
p β (p)

i .
We now assume that we can tune the external laser to address only a single

global vibrational mode (a particular normal mode), say the centre of mass mode

at frequency, μ1 = ν and s(1)
i = 1 with ωA−ωL = ν . Then we can ignore all the

other modes and approximate the Hamiltonian as
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H(i)
I =−ih̄

ηΩi

2
√

N

(
σ (i)

+ b1 + σ (i)
− b†

1

)
(17.33)

This is the Cirac–Zoller Hamiltonian [1] and was used by these authors in a scheme
for quantum computing using trapped ions (see below). If there are many ions in the
trap this may not be a good approximation. In that case there are many normal modes
and it is difficult to resolve individual normal mode frequencies as they become
very closely spaced. To some extent this may be mitigated by cooling all the normal
modes to their ground states. Further discussion of the validity of this approximation
may be found in [10] and also [11].

There is an interesting interpretation of the Hamiltonian for local modes, (17.31).
Define

σ (i)
1 (t) = σ−e−iΔ t + σ+eiΔ t (17.34)

with Δ = ωA−ωL. Now define a quantum field ψ̂(x,t) = (2Mν/h̄)1/2qi(t) by re-
placing the discrete index, i, with a position variable x = idi where di is the posi-
tion of the ith ion form the centre of the trap. This field is a scalar field operator
describing the small oscillations of the ion at x from equilibrium. The interaction
Hamiltonian then takes the form

HI = h̄χψ̂(x,t)σ1(x,t) (17.35)

which is in the form of local field dipole detector interaction Hamiltonian, with
χ = ηΩ/2.

17.5 Ion Trap Quantum Information Processing

In 1995 Cirac and Zoller [1] proposed the first scheme for implementing quan-
tum logic gates for trapped ions. In a quantum computer information is stored in
the states of a collection of two level systems, generically referred to as qubits. In
the Cirac–Zoller (CZ) scheme, the qubits are the two-level electronic states of the
trapped ions. Arbitrary transformations of the state of a single qubit are easily im-
plemented by external laser fields. For universal computation we also need to have
access to two qubit interactions. However the electronic states of different ions do
not interact. CZ proposed to overcome this by using the collective vibrational mode
of the ions to implement a virtual interaction between the qubits.

We will discuss a way to implement a particular two qubit interaction, known as
a controlled NOT (CNOT) gate which is a universal two-qubit gate. If we denote
the two states of a qubit as |x〉,x = 0,1, the CNOT gate is defined by the unitary
transformation

UCN |x〉⊗ |y〉= |x〉⊗ |x⊕ y〉 (17.36)
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Fig. 17.7 The electronic level
scheme for each ion in the
CNOT gate scheme of Cirac
and Zoller

|e> |1>

|0>

where x⊕ y is addition modulo two. In words, the state of the second qubit, called
the target, is flipped if and only if the state of the first qubit, the control, is |1〉. In all
cases the state of the control qubit is unchanged.

In the CZ scheme each ion has a set of internal electronic levels, |0〉, |1〉 and |e〉,
depicted in Fig. 17.7. The mapping between physical electronic states and logical
states is |0〉 ↔ |0〉, |1〉 ↔ |1〉. Note that in addition to the qubit states, there is an
additional auxiliary state, |e〉 which helps implement the degree of control required.
We suppose that is possible to direct a laser onto a particular ion inducing elec-
tronic transitions in that ion alone. This can couple the qubit state of the ion to its
vibrational degree of freedom. In the Lamb–Dicke limit and for carefully chosen
detunings, it is possible to couple a single qubit state to a chosen collective state of
vibrational motion of all the trapped ions. In the CZ scheme the collective vibra-
tional modes are all prepared in the ground state by a prior sideband cooling step.

Let us suppose the laser is directed towards the nth ion and tuned to the first red
sideband of the collective centre of mass mode described by raising and lowering
operators, a†,a. The Hamiltonian for this is

H = h̄
ηΩ

2
√

N
(a|1〉n〈0|e−iφ + a†|0〉n〈1|eiφ ) (17.37)

If this laser is on for a time T such that ηΩT
√

N = kπ ( a kπ-pulse), the unitary
operator,

Uk,n
01 (φ) = exp

[
−i

π
2

(a|1〉n〈0|e−iφ + a†|0〉n〈1|e−iφ )
]

(17.38)

is implemented. This unitary interaction couples the electronic states to the vibra-
tional phonon number states |0〉, |1〉;

Uk,n
01 (φ)|0〉n|1〉 = cos(kπ/2)|0〉n|1〉− ieiφ sin(kπ/2)|1〉n|0〉 (17.39)

Uk,n
01 (φ)|1〉n|0〉 = cos(kπ/2)|1〉n|0〉− ie−iφ sin(kπ/2)|0〉n|1〉 (17.40)

We will also need to implement kπ pulse between the ground state |0〉 and the aux-
iliary excited state |e〉. This implements the unitary transformation

Uk,n
0e (φ) = exp

[
−i

π
2

(a|e〉n〈0|e−iφ + a†|0〉n〈e|e−iφ )
]

(17.41)

and can be done by changing the polarisation of the exciting laser.
We now consider a three pulse sequence: on the mth ion implement U1,m

01 (0),
then on the nth ion a 2π pulse between the ground state and the auxillary excited
state, U2,n

0e (0), finally, again on the m’th ion, U1,m
01 (0). The three pulse sequence thus

implements the product unitary, Um,n = U1,m
01 (0)U2,n

0e (0)U1,m
01 (0). Acting on each of
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the four possible two qubit states of the ions we find that all states remain unchanged
except when both ions are initially excited;

|1〉m|1〉n→−|1〉m|1〉n (17.42)

This is a two qubit gate known as the CSIGN gate. To use this to implement a CNOT
gate we now choose one of the ions to be the control qubit, say mth ion, and first use
a laser pulse to put it into a superposition of the logical states, |0〉m + |1〉m. This can
be done by tuning the laser to the carrier frequency so that it is resonant with the
|0〉m↔ |1〉m transition, adjusting the phase and pulse area to implement the unitary

Vm = exp
[
−π

4
(|1〉m〈0|−h.c.)

]
(17.43)

After we implement the V single qubit unitary on the mth ion we implement a
CSIGN between the mth ion and the nth ion, target ion. Finally we again act with
a V pulse on the mth ion. The net effect is to implement a CNOT gate between the
mth ion as the control on the nth ion as the target. Clearly the ions do not need
to be adjacent. Furthermore we can implement a number of CNOT gates between
different pairs in parallel so long as we can individually resolve the ions with the
control lasers. The Cirac–Zoller scheme was first implemented by the Innsbruck
group led by Blatt in 2003 [12]. They used two 40Ca+ ions held in a linear trap and
individually addressed by focussed laser beams.

Other schemes have been proposed for implementing quantum gates in ion traps.
Sørenson and Mølmer [13] developed a scheme which mitigates to some extent the
deleterious effects of noise entering via the vibrational degree of freedom (e.g. patch
potential heating) and implemented by the Wineland group in NIST [14]. A related
scheme [15] uses far off-resonance optical dipole forces to implement a geomet-
ric phase gate, also first implemented by the NIST group [16]. The basic idea of a
geometric phase gate is to use a sequence of laser pulse sequences, applied to two
ions, that move the vibrational degree of freedom of the ion through a loop in phase
space that depends on the internal states of the two ions. A simple, though imprac-
tical, way to achieve this is to use phase space displacements that move around a
rectangle in phase space, starting at the origin, in a direction that depends on the
internal state of the ion. For example, the unitary operators

Uj(κx) = e−iκx p̂σz,n/h̄ (17.44)

Uj(κp) = e−iκpx̂σz,n/h̄ (17.45)

give conditional displacements of the vibrational degree of freedom along the x-axis
for the jth ion in the case of Uj(κx) and along the p-axis in the case of Uj(κp). If
we use the commutation relation [x̂, p̂] = ih̄ we can show that the following

Uk(κp)Uj(−κx)Uk(−κp)Uj(κx) = eiκxκpσz, jσz,k (17.46)
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|0>(1)|0>(2) |1>(1)|1>(2) |0>(1)|1>(2) |1>(1)|0>(2)

−χ

−χ

χ

χ
x

p

Fig. 17.8 The conditional phase space displacements of the vibrational degrees of freedom of
two ions. Four cases are shown corresponding to the four distinct states of two qubits. The path
followed is different for each case but the enclosed area is the same

This is an Ising-like two qubit unitary interaction between the j,kth qubits. Note
that there is no dependance on the vibrational degree of freedom at all. Inspection of
the various phase space orbits, see Fig. 17.8 indicates why this is called a geometric
phase gate. The effective conditional phase between the two qubits is proportional
to the area of the rectangle, χ = κxκp and the sign is given by the sense of rotation. It
is clear that the actual shape of the closed orbit in phase space does not matter: only
the area and sense of rotation matter. In an experiment the phase space rotations are
done by a time varying driving fields, with both amplitude and phase modulation
(see Exercise 17.3). The idea of conditional phase space displacements opens up a
path to fast quantum gates for two ions [17].

Exercises

17.1 A laser is tuned to the first read sideband transition for a single two level tran-
sition, |g〉 ↔ |e〉, with a spontaneous emission rate of γ. Ignoring all but the
spontaneous emission decay channel, the master equation (in the interaction
picture) describing this system is

dρ
dt

=
ηΩ
2

[aσ+−a†σ−,ρ ]+ γD [σ−]ρ (17.47)

where η is the Lamb–Dicke parameter, Ω is the Rabi frequency for the
transition and a,a† are the lowering and raising operators for the vibra-
tional motion of the ion in the trap. Obtain equations of motion for n̄ =
〈a†a〉, 〈a〉, 〈σ±〉, 〈σz〉 by factorising all higher order moments in the equa-
tions of motion. Assuming that the spontaneous emission rate is large enough
so that the average polarisation 〈σ±〉 is stationary and the vibrational motion
is slaved to the atomic motion, show that the rate of change of n̄ is given by
(17.13).

17.2 A simple mode for the heating of a trapped ion due to fluctuation potentials
may be given in terms of the Hamiltonian

H(t) = h̄νa†a + h̄ε(t)(a + a†) (17.48)
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where ε(t) is fluctuating force term with the following classical moments

ε̄ = E (ε(t)) = 0

G(τ) = E (ε(t)ε(t + τ)) =
D
2γ

e−γ|τ|

Show that the heating rate is given by

d〈a†a〉
dt

=
π
2

S(ν) (17.49)

where the noise power spectrum for the fluctuating force is defined by

S(ω) =
1

2π

∫ ∞

−∞
e−iωtG(τ) (17.50)

17.3 Show that if a harmonic oscillator in its ground state is subjected to a sequence
of displacements in phase space that form a closed loop, the state is returned
to the ground state up to an overall phase proportional to the area of the loop.
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